We construct a central extension by R of a group of diffeomorphisms of a manifold M with an exact 2-form ω M and give conditions of its triviality. When H 1 (M, R) = 0 we prove that this extension is non-split for a manifold R 2 × M with a form ω = ω 0 + ω M , where ω 0 is the standard symplectic form on R 2 , of the group of diffeomorphisms of R 2 × M preserving the form ω.
Introduction
In the paper [4] Kostant defined a central extension of a group of diffeomorphisms of a manifold M respecting a closed integral 2-form ω, with kernel the real one dimensional torus. This extension is described as a group of automorphisms of a complex line bundle over M .
In this paper we consider the case when the form ω is exact and H 1 (M, R) = 0. Using a construction described in [7] , we define a 2-cocycle C(G, ω) on a group G of diffeomorphisms of M preserving the form ω which gives a central extension E(G, ω) of the group G by R. The geometric interpretation of this extension as a group of automorphisms of the trivial principal R-bundle M × R with a connection gives an equivalent definition of the extension E(G, ω) which is similar to that of the Kostant extension.
Since we work with 2-cocycles we can define a smooth structure on our extension, describe conditions of when the cocycle C(G, ω) is trivial, and we can indicate the cases when this cocycle is nontrivial, i.e., the corresponding extension is non-split. In particular, we prove that it is non-split when G = PGL(2, R) is the group of orientation preserving isometries of the hyperbolic plane and ω is the area form, and we relate this extension to the Steinberg extension St(2, Z) of the group SL (2, Z) . This allows us to prove that the above extension is non-split for a manifold R 2 × M with form ω = ω 0 +ω M , where ω 0 is the standard symplectic form on R 2 , and where ω M is an exact form on M , if H 1 (M, R) = 0 and the group G contains a subgroup induced by the group of symplectomorphisms of R 2 . The Lie algebra version of this 2-cocycle construction turns out to be trivial for symplectic manifolds. But this allows us to show that nontriviality of the group extension implies non-triviality of the first de Rham cohomology, H 1 dR (G) = 0. We thank Stefan Haller for comments.
Extensions of groups and cohomology of groups
Recall the standard facts on extensions of groups and two-dimensional cohomology of groups. Let G be a group whose operation is written multiplicatively and let A be an abelian group whose operation is written additively. A group H is an extension of the group G by A if we have an exact sequence
where u and v are morphisms of groups. We identify A with the subgroup u(A) of H. Then the extension (1) is uniquely defined by the epimorphism v. If this epimorphism is defined naturally, for brevity, we will write just that H is an extension of G. The natural morphisms of exact sequences with fixed A and G and the identical morphisms on G induce morphisms of extensions. Isomorphic extensions are called equivalent and an extension is called split if there is a group morphism w : G → H such that vw is the identity morphism of G. The extension (1) is called central if A is contained in the center of H. Let G be a group and let A be a right G-module. Let C p (G, A) be the set of maps from G p to A for p > 0 and let C 0 (G, A) = A. Define a differential D : C p (G, A) → C p+1 (G, A) as follows: for f ∈ C p (G, A) and g 1 , . . . , g p+1 ∈ G (Df )(g 1 , . . . , g p+1 ) = f (g 2 , . . . , g p+1 )
(−1) i f (g 1 , . . . , g i g i+1 , . . . , g p+1 ) + (−1) p+1 f (g 1 , . . . , g p )g p+1 .
In particular, for f ∈ C 0 (G, A) we have
Then C * (G, A) = (C p (G, A), D) p≥0 is the standard complex of nonhomogeneous cochains of the group G with values in the right G-module A and its cohomology
Recall that a cochain f ∈ C(G, A) is called normalized if f (g 1 , . . . , g p ) = 0 whenever at least one of the g 1 , . . . , g p ∈ G equals the identity of G (see, for example, [8] ). It is known that the inclusion of the subcomplex of normalized cochains of C(G, A) into C(G, A) induces a cohomology isomorphism.
Each extension (1) defines a right action of H on A by inner automorphisms:
(h, a) → h −1 ah for a ∈ A and h ∈ H. Since A ⊂ H acts trivially on A, this action induces a right action of G on A. For a central extension this action of G on A is trivial. We define a 2-cochain on G with values in the G-module A as follows. Choose a section s : G → H for the map v with s(e) = e (normalized) and put f (g 1 , g 2 ) = s(g 1 g 2 ) −1 s(g 1 )s(g 2 ). The section s induces a bijection G×A → H which is given by (g, a) → s(g)a with inverse h → (v(h), s(v(h)) −1 h). It is known that f is a normalized 2-cocycle whose cohomology class in H 2 (G, A) is independent of a choice of the section s and two extensions are isomorphic iff the corresponding elements of H 2 (G, A) coincide.
Conversely, let f be a normalized 2-cocycle of G with values in a right G-module A. Let E(G, A) = G × A, with the multiplication: (g 1 , a 1 )(g 2 , a 2 ) = (g 1 g 2 , a 1 g 2 + a 2 + f (g 1 , g 2 )) for a 1 , a 2 ∈ A and g 1 , g 2 ∈ G. It is easily checked that E(G, A) is a group. The morphisms u : A → E(G, A) and v : E(G, A) → G such that u(a) = (1, a) and v(g, a) = g define an extension of G by A and the action of G on A induced by this extension is the original one. Thus we get a bijective correspondence between H 2 (G, A) and the set of classes of equivalent extensions of G by A in such a way that 0 ∈ H 2 (G, A) corresponds to the class of split extensions.
Assume that A ′ is a right G-module, A is a submodule of A ′ , and (1) is an extension of G by A. Consider the natural right action of A on A ′ , the natural left action of A on H, and the corresponding right action of A on A ′ × A H. Then the cross product
is a 2-cocycle of G with values in the G-module A defining the extension (1), then this cocycle as a 2-cochain of G with values in A ′ defines the above extension of G by A ′ .
Let G ′ be a subgroup of G and and let (1) be an extension of G by A. Then H ′ = v −1 (G ′ ) is an extension of the group G ′ by A called the restriction of the extension H. If the extension H is defined by a normalized 2-cocycle C on G with values in A, the restriction of H to G ′ is defined by the restriction of the cocycle f to (G ′ ) 2 .
Let G be a group, N its normal subgroup, and ρ : If the group G is compact, the kernel of the homomorphism i * is trivial. To get an interpretation of the elements of ker i * , when this kernel is nontrivial, we use the following construction (see [7] ).
Let C * (G, Ω(M )) = {C p ((G, Ω q (M )), δ ′ )} p,q≥0 be the standard complex of nonhomogeneous cochains of G with values in the G-module Ω(M ).
Define the second differential δ ′′ : C p (G, Ω q (M )) → C p (G, Ω q+1 (M )) as follows. For c ∈ C p (G, Ω q (M )) and g 1 , . . . , g p ∈ G put (δ ′′ c)(g 1 , . . . , g p ) = (−1) p dc(g 1 , . . . , g p ).
It is easily checked that δ ′ δ ′′ + δ ′′ δ ′ = 0. Thus on C * (G, Ω(M )) we get the structure of a double complex. Consider the double complex (C * (G, Ω(M )), δ ′ , δ ′′ ) and denote by C * * (G, Ω(M )) the cochain complex C * (G, Ω(M )) with respect to the total differential δ = δ ′ + δ ′′ . Denote by H(G, M, Ω(M )) the cohomology of the complex C * * (G, Ω(M )).
It is easily checked that the inclusion Ω q (M ) G ⊆ C 0 (G, Ω q ) for q ≥ 0 induces an injective homomorphism of complexes Ω * (M ) G → C * * (G, Ω(M )) and the corresponding cohomology homomorphism χ : H(Ω * (M ) G ) → H(G, M, Ω(M )) is called the equivariant cohomology homomorphism. For a ∈ ker i * the cohomology class χ(a) ∈ H(G, M, Ω(M )) is called an equivariant cohomology class of the transformation group G corresponding to a.
We consider the case when ω ∈ Ω 2 (M ) G is exact. So there is a differential form ω 1 ∈ Ω 1 (M ) such that ω = dω 1 . By definition, we have ω − δω 1 = −δ ′ ω 1 and (δ ′ ω 1 )(g) = ω 1 − g * ω 1 for each g ∈ G. Suppose that the closed form (δ ′ ω 1 )(g) is exact, i.e., for each g ∈ G there is a smooth function ω 2 (g) on M such that (δ ′ ω 1 )(g) = dω 2 (g) = −(δ ′′ ω 2 )(g). This condition is satisfied in the case when H 1 (M, R) = 0. Then we have ω − δ(ω 1 + ω 2 ) = −δ ′ ω 2 .
By definition, we have δ ′ ω 2 ∈ C 2 (G, Ω 0 (M )), for any g 1 , g 2 ∈ G (δ ′ ω 2 )(g 1 , g 2 ) = ω 2 (g 2 ) − ω 2 (g 1 g 2 ) + g * 2 ω 2 (g 1 ) and δ • δ ′ (ω 2 )(g 1 , g 2 ) = d(δ ′ ω 2 (g 1 , g 2 )) = 0. So for any g 1 , g 2 ∈ G we have δ ′ ω 2 (g 1 , g 2 ) ∈ R. Thus, δ ′ ω 2 is a 2-cocycle of the group G with values in the trivial G-module R. Evidently, one can choose ω 2 (g) so that ω 2 (1) = 0. We denote the corresponding cocycle by C(G, ω). By definition it is normalized. We shall prove that the cohomology class of the 2-cocycle C(G, ω) depend only on the cohomology class of ω in Ω(M ) G .
First note that, if one replaces the form ω by the form ω+dψ, where ψ ∈ Ω 1 (M ) G , the cochain ω 1 (g) in the above construction is not changed.
Let us study the dependence on the choice of ω 1 and ω 2 when H 1 (M, R) = 0. In general we get instead of ω 1 and ω 2 the cochainsω 1 
But the differential δ ′ c equals the differential of c in the complex C * (G, R). Then the cohomology classes of δ ′ω 2 and δ ′ ω 2 coincide.
Smooth structures.
Assume that G is a Lie group (finite or infinite dimensional) of diffeomorphisms of the manifold M . Since M is non-compact in our main example, we have to use the group of symplectic diffeomorphisms on M in the compact C ∞ -topology which is not locally contractible, thus does not admit charts. We may use the concept of a diffeological group, see [6] or [3] , which allows for differential forms and de Rham cohomology. Or we use the notion of Frölicher space, see [5] , section 23. Or we may use the theory from [9] where instead of charts one uses families of smooth curves and further data to describe smooth manifolds in such a way that those which have Banach spaces as tangent spaces are exactly the usual Banach manifolds.
One can define a subcomplex C * diff (G, R) of differentiable cochains of the complex C * (G, R) (see [2] ) and the subcomplex C * * diff (G, Ω(M )) of differentiable cochains of the complex C * * (G, Ω(M )) consisting of cochains which are smooth functions on G p . Then in the above construction of the equivariant cohomology classes of G one can use the complex C * diff (G, R)) instead of the complex C * (G, R) and the subcomplex C * * diff (G, Ω(M )) instead of the complex C * * (G, Ω(M )). We claim that in the above construction of C(G, ω) one can choose for ω 2 a smooth function on G × M . Actually, let for each g ∈ G the 1-form δ ′ ω 1 (g) be exact so that δ ′ ω 1 (g) = dω 2 (g). It is clear that the smooth function ω 2 (g) on M is defined up to an additive summand f (g), where f (g) is a smooth function on M . The function ω 2 (g) is uniquely defined by its value at a point x ∈ M . It is easy to check that for each x ∈ M there is a neighbourhood U x of x such that the function ω 2 defined by ω 2 (g)(x) = F (g) for a smooth function F : G → R, is smooth in G × U x . Let us fix a point x 0 ∈ M and consider the function ω 2 defined by the condition
Thus we can regard the cocycle C(G, ω) either as a cocycle of the complex C * (G, R) if we consider the group G with the discrete topology or as a differentiable cocycle, i.e., a cocycle of the complex C * diff (G, R), if G is a Lie group. Later we use both kinds of this cocycle. By definition, if we use for the extension of the group G the multiplication on G× R given by a differentiable cocycle C(G, ω), this extension is a Lie group and the morphism G × R → G is a morphism of Lie groups.
C(G, ω) as a differentiable cocycle
Let G be a Lie group of diffeomorphisms of a manifold M , ω an exact 2-form on M , and C = C(G, ω) the corresponding differentiable 2-cocycle on the group G with values in the trivial G-module R. Denote by E(G, ω) the central extension of G by R defined by the cocycle C. By definition, the cocycle C is defined by the formula
where g,g ∈ G, x is arbitrary point of M , and ω 2 is a smooth function on G × M such that ω 2 (1) = 0. Then E(G, ω) is a Lie group and the multiplication of the group E(G, ω) = G × R is defined by the formula:
for g,g ∈ G and t,t ∈ R. Proof. Let x be a fixed point of G. In the construction of the cocycle C it is possible to replace the function ω 2 by the function ω 2 (g) − ω 2 (g)(x), i.e., we may suppose that ω 2 (g)(x) = 0 for each g ∈ G. Then by (2) we have C(g, g) = 0 for allg, g ∈ G and by (3) the extension E(G, ω) equals the product G × R of the groups G and R.
We consider the general situation. Let x ∈ M and G x be the stabilizer of x. Denote by ϕ x : G → M the map defined by g → g(x). It is smooth and equivariant for the action of G on itself by left translations and the given action of G on M . Assume that G x is a Lie subgroup of G and the homogeneous space M x = G/G x is a manifold. Evidently these conditions are satisfied when G is a finite dimensional Lie group or the action of the group G on M is transitive. The map ϕ x induces a bijective map of the homogeneous space M x onto the orbit Gx of x and is equivariant for the actions of G on M x and Gx. Since ϕ x is smooth one can consider the pull backs ϕ *
x ω, ϕ * x ω 1 , and ϕ * x ω 2 (g) on M x . This gives us the full data for the construction of the cocycle C(G, ϕ * ω) on M x whenever M x is connected. By (2) we have C(G, ω) = C(G, ϕ * ω). Then the construction of the cocycle C is reduced to the manifold M x , the induced action of G on M x , and the form ϕ *
x ω. If the action of G on M x is non-effective, and H is the kernel of non-effectivity, one may replace in this setting the group G by the group G/H and get C as a cocycle on the group G/H. In this case the extension E(G, ω) is induced by the extension E(G/H, ϕ * ω). In particular, if x is a fixed point of the group G, we get a new proof of proposition 4.1.
Now we prove some condition of triviality of the cocycle C. Recall that the extension E(G, ω) of G by R is a Lie group. Since the extension E(G, ω) → G is central, one may consider it as a principal R-bundle and each left translation of
where L g is the left translation on G, it is easy to check that the pull back of each G-invariant form on M is invariant under left translations on G, i.e., a form ω x,g on the Lie algebra g of G. If we replace the point x by another point gx of the orbit Gx, the form ω gx,g is obtained from the ω g by the action of the automorphism Ad(g) of the Lie algebra g. Thus, the form ω g is defined uniquely up to automorphisms of g of the form Ad(g), by the orbit Gx. In section 8 we prove that the cohomology class of the form ϕ *
x ω is independent of the choice of a point x ∈ M , and is trivial when (M, ω) is a symplectic manifold.
The 1-form dt + ϕ * x ω 1 on E(G, ω) = G × R is evidently a connection on the principal R-bundle E(G, ω). By definition, the left translation L (g,t) on E(G, ω) is defined by the equation
x ω 2 (g))(g)). Using this equation it is easy to check that the connection dt+ϕ *
x ω 1 is left invariant. Theorem 4.2. If the cocycle C = C(G, ω) is trivial, for each point x ∈ M there is a smooth function f : G → R such that the 1-form ϕ *
x ω 1 − df on G is left invariant. In particular, the cohomology class of the 2-form ω g on the Lie algebra g defined by the form ϕ *
x ω is trivial. If the group G is connected and the above condition for ω 1 is satisfied for some point x ∈ M , the cocycle C is trivial.
Proof. Assume that the cocycle C is trivial in the complex C * diff (G, R). This means that there is a smooth function f :
Consider the product group G × R and the corresponding trivial split extension pr 1 : G × R → G. Then the map λ : G × R → E(G, ω) given by λ(g, t) = (g, t − f (g)) is an isomorphism of extensions.
Evidently, the form dt is a connection on the principal R-bundle pr 1 : G×R → G which is invariant under left translations of the group G × R. So we have two connections dt and λ * (dt + ϕ *
x ω 1 ) = dt − df + ϕ * x ω 1 on the principal R-bundle pr 1 : G × R → G which are invariant under all left translations of G × R. Therefore, the difference of these connections ϕ *
x ω 1 − df is a left invariant 1-form on G. In particular, ϕ *
x ω has trivial cohomology class on g. Conversely, assume that there is a smooth function f on G such that the 1-form ϕ *
x ω 1 − df on G is left invariant. We may suppose that f (1) = 0. Then for each g ∈ G we have
Putting in this equality g = 1 we get c(g) = f (g) since f (1) = 0 by assumption.
Thus we have C(g, g) = ω 2 (g)(g(x)) = f (g) − f (gg) + f (g) for all g,g ∈ G. This means that the cocycle C is trivial. x ω on G induces the trivial cohomology class on the Lie algebra g, and that the first de Rham cohomology H 1 dR (G) of the group G vanishes. Then the cocycle C is trivial.
Proof. By assumption, there is a left invariant 1-form θ on G such that dθ = ϕ *
x ω. Since H 1 dR (G) = 0, there is a smooth function f on G such that ϕ * x ω 1 − θ = df . Then ϕ *
x ω 1 − df = θ is a left invariant 1-form on G, and by theorem 4.2 the cocycle C is trivial.
Finally, we give a geometric interpretation of the extension E(G, ω) similar to those of [4] . We choose the form ω 1 and the smooth map If we replace the form ω 1 by the form ω 1 + df , where f is a smooth function on M , we get an action of G on M × R which is related the initial one by the gauge transformation (x, t) → (x, t − f (x)) of the bundle M × R → M .
A 2-cocycle on the group PGL(2, R)
Consider a representation of the hyperbolic plane H 2 as the upper half plane R 2 + = {(x, y)|y > 0} with the Riemannian metric ds 2 = (dx 2 + dy 2 )/y 2 . The area form of this metric equals dx∧dy y 2 . It is known that the group of isometries of H 2 preserving the orientation of H 2 is isomorphic to the group PGL(2, R) = SL(2, R)/Z 2 acting on H 2 as follows. Let g = α β γ δ ∈ SL(2, R), where α, β, γ, δ ∈ R and αδ − βγ = 1. Identifying H 2 with the upper half plane of the complex plane C and putting z = x + iy we get the following action of the group SL(2, R) on H 2 :
In the coordinates x and y we have
Clearly this action of SL(2, R) on H 2 induces an effective action of PGL(2, R) = SL(2, R)/Z 2 on H 2 , where Z 2 is a subgroup of SL(2, R) generated by g 0 = −1 0 0 −1 . Consider the closed form ω = dx∧dy πy 2 which is invariant under the action of PGL(2, R) on H 2 . The aim of this section is to construct a 2-cocycle on the group PGL(2, R) with values in the trivial PGL(2, R)-module R, using the construction of section 3 starting with the form ω, and to prove that this cocycle is nontrivial.
Consider the map α β γ δ → (γ : δ) of SL(2, R) to the real projective line RP 1 . Denote by ρ the map PGL(2, R)×H 2 → RP 1 × H 2 induced by the above map SL(2, R) → RP 1 and the identical map of H 2 .
For each g ∈ SL(2, R) denote by [g] the image of g under the quotient projection SL(2, R) → PGL(2, R). Evidently we have ω = dω 1 , where ω 1 = dx πy . Applying (4) we get
It is easily checked that dω 2 = δ ′ ω 1 . By (5) ω 2 is the pull back of a function on RP 1 × H 2 with respect to the above map ρ and this function is differentiable on (RP 1 \ (0 : 1)) × H 2 and discontinuous at the set (0 : 1) × H 2 . To get a differentiable cochainω 2 ([g]) such that dω 2 = δ ′ ω 1 one could putω 2 ([g]) = ω 2 ([g]) − 2 π arctan δ γ . Let g 1 = α1 β1 γ1 δ1 , g 2 = α2 β2 γ2 δ2
∈ SL(2, R) and put g 1 g 2 = α12 β12 γ12 δ12 . In particular, we have γ 12 = α 2 γ 1 + γ 2 δ 1 and δ 12 = β 2 γ 1 + δ 2 δ 1 . By definition, we have
. If either γ 1 = 0, γ 2 = 0, or γ 12 = 0 direct calculations using (5) and (6) show that (δ ′ ω 2 )([g 1 ], [g 2 ]) = 0. If γ 1 , γ 2 , γ 12 = 0 using (5) and (6) we get
Direct calculation shows that for the above case we have tan( π 2 (δ ′ ω 2 )([g 1 ], [g 2 ])) = ±∞, i.e., (δ ′ ω 2 )([g 1 ], [g 2 ]) = ±1.
By construction, the function C = −ω + δ(ω 1 + ω 2 ) = δ ′ ω 2 on (PGL(R, 2)) 2 is a normalized 2-cocycle on the group PGL(R, 2) with values in the trivial PGL(R, 2)module R. Moreover, by definition the cocycle C is a function on PGL(2, R) 2 with values in Z. To get a differentiable 2-cocycleC one can use for its construction the above differentiable cochainω 2 instead of ω 2 . Evidently the values of this cocycle lie not in Z as for C but in R.
Since the value of (δ ′ ω 2 )([g 1 ], [g 2 ]) is independent of the point (x, y) ∈ H 2 one can put (x, y) = (0, 1) and get the following formula Proof. For contradiction, let us assume that there is a 1-cochain c on the group PGL(2, Q) with values in the trivial PGL(2, Q)-module R such that Dc = C, where D is the differential of the standard complex of nonhomogeneous cochains of the group PGL(2, Q) with values in the trivial PGL(2, Q)-module R.
Put for each r ∈ Q e r 12 = 1 r 0 1 and e r 21 = 1 0 r 1 . In particular, put e = e 0 12 = e 0 21 , e 12 = e 1 12 , and e 21 = e 1 21 . By definition of D we have In particular, we have c([e]) = 0 and then by (8) and (9) On the other hand, by (8) and (9) By (8) and (9) .
Applying (8) and (9) In particular, for g = 3 2 1 1 = e 2 12 e 21 and g 2 = 11 8 4 3 = e Thus the cocycle C is nontrivial and the corresponding extension E(PGL(2, Q) by R is non-split. Proof. The restriction of the cocycle C(PGL(2, R)) to the subgroup PGL(2, Q) of the group PGL(2, Q) equals the cocycle C(PGL(2, Q)) which is nontrivial by theorem 5.1. Then the cocycle C PGL(2, R)) is nontrivial as well. (2, R) , ω)) and the Steinberg extension St(2, Z)
A relationship between the extension E(PGL
Consider the cocycle C of section 5 as a 2-cocycle on the group PGL(2, Z) with values in the trivial PGL(2, Z)-module Z. Since C is a normalized nonhomogeneous cocycle, it defines a nontrivial central extension Ex(2, Z) (to distinguish it from the group E(2, Z) in [10] ) of the group PGL(2, Z) by Z. By definition, Ex(2, Z) is the set PGL(2, Z) × Z with the following multiplication: (g 1 , m 1 )(g 2 , m 2 ) = (g 1 g 2 , m 1 + m 2 + C(g 1 , g 2 )) for (g 1 , m 1 ), (g 2 , m 2 ) ∈ PGL(2, Z) × Z.
We now compare this extension with the Steinberg central extension St(2, Z) of the group SL(2, Z) by Z (see [12] and [10] ). By definition the group St(2, Z) is defined by the generators x 12 and x 21 and the relation (14)
x 12 Consider the group H defined by the generators y, y 12 , and y 21 satisfying the following relations y 12 y −1 21 y 12 = y −1 21 y 12 y −1 21 , (y 12 y −1 21 y 12 ) 2 = y 2 , yy 12 = y 12 y, yy 21 = y 21 y. Then the correspondence y → ([e], 1), y 12 → ([e 12 ], 0), and y 21 → ([e 21 ], −1) defines an epimorphism j : H → Ex(2, Z).
Consider the group morphism v ′ : H → PGL(2, Z) defined by y → 1, y 12 → x 12 , and y 21 → x 21 , where the group PGL(2, Z) is defined by the generators x 12 and x 21 with the relations described above.
We prove next that the kernel of v ′ is generated by y. Actually, note that the group morphism i : St(2, Z) → H defined by x 12 → y 12 and x 21 → y 21 is a monomorphism of the group St(2, Z) onto a subgroup of H generated by y 12 and y 21 . By the relations defining the group H each element h ∈ H can be written as h = y p g, where p is a non-negative integer and g ∈ i (St(2, Z) ). Suppose that v ′ (h) = v ′ (g) = 1. Then, by the above description by generators of the group PGL(2, Z), we have g = (xe 12 x −1 21 x 12 ) 2m for some non-negative integer m. By the relations between the generators of H, we have h = y p+2m . Thus, v ′ is a central extension of PGL(2, Z) by Z whose kernel is generated by y.
Note that i(St(2, Z)) = St(2, Z) is a subgroup of index 2 of the group H = Ex(2, Z) and thus its normal subgroup. Moreover, the inclusion i is a morphism of central extensions of the group PGL(2, Z) by Z.
The above considerations show that morphism j defines a morphism of the extension
which is identical on PGL(2, Z) and Z. Then j is an isomorphism and the above morphism of extensions is an isomorphism. Thus we can identify the extensions Ex(2, Z) and H. Proof. The restriction of the cocycle C(G, ω) to the subgroup PGL(2, R) equals the cocycle C (PGL(2, R) , ω) which is nontrivial by corollary 5.2. Then the cocycle C(G, ω) is nontrivial as well.
Consider the diffeomorphism k : H 2 + → R 2 given as by (x, y) → ( x πy , ln y). It is easily checked that the pull back k * (dx∧dy) equals dx∧dy πy 2 . Thus the diffeomorphism ϕ induces an isomorphism of the symplectic manifold (H 2 , dx∧dy πy 2 ) and R 2 with the symplectic structure given by the form ω 0 = dx ∧ dy. This proves the following Let G be a subgroup of Diff(R 2 × M, ω). If the group Diff(R 2 × M, ω) induced by the above action of the group PGL(2, R) on R 2 , is contained in G, then the cocycle C(G, ω) is nontrivial and then the corresponding central extension of the group G by R is non-split. In particular, this is the case when G contains the group of symplectomorphisms of R 2 .
The group E(G, ω) is a Lie group and the central extension E(G, ω) → G is a morphism of Lie groups in any sense described in 3.1 whenever G is a Lie group in this sense. In particular, this is true for G = Diff(R 2 × M, ω).
Proof. Let ω M,1 ∈ Ω 1 (M ) with dω M,1 = ω M and ω 1 = x dy + ω M,1 . The group Diff(R 2 , ω 0 ) acting on the first factor R 2 of R 2 × M is naturally included as a subgroup in the group Diff(R 2 × M, ω). Thus ω 1 − g * ω 1 = x dy − g * (x dy) for all g in Diff(R 2 , ω 0 ). Thus the cocycle C(G, ω) constructed from the form dx ∧ dy + ω M restricts to a nontrial cocycle on the subgroup of Diff(R 2 , ω 0 ) induced by the above action of PGL(2, R), by 7.1 and 7.2. The rest is obvious.
A 2-cocycle on the Lie algebra preserving the form ω
Recall first the definition of cohomology of a real Lie algebra g with values in a left g-module E (see, for example, [8] ). Let Λ p (g, E) be the set of skew-symmetric p-forms on the Lie algebra g with values in E for p > 0 and let Λ 0 (g, E) = E. Define a differential ∆ : Λ p (g, E) → Λ p+1 (g, E) as follows: for α ∈ Λ p (g, E) and
. . ,X i , . . . ,X j . . . , X p+1 ), By (15) we have the following formula for γ = γ(g, ω):
Put c(X) = (ω 1 (X) − ω 2 (X))(x). It is clear that c is a 1-cochain of the Lie algebra g with values in the trivial g-module R and by (15) 
. Then (17) implies that the cocycle γ belongs to the same cohomology class of H(g, R) as the 2-cocycleγ defined by the equatioñ
Let G be a Lie group of diffeomorphisms of M preserving the form ω and let g be its Lie algebra. For aX ∈ g let X be the corresponding fundamental vector field on M defined by the action of G on M . Consider the map ϕ x : G → M defined in section 4. By definition, X(x) = (ϕ x ) * (X) where we considerX as a tangent vector of G at 1 ∈ G. Then the 2-cocycle ϕ *
x ω on the Lie algebra g equals the 2-cocycleγ defined above. This implies that the cohomology class of the 2-cocycle ϕ *
x ω introduced in section 4 is independent of the choice of a point x. Let (M, ω) be a symplectic manifold of dimension 2n with an exact form ω such that H 1 (M, R) = 0. Then the Lie algebra of the group of symplectomorphisms Diff(M, ω) is the Lie algebra g of all Hamiltonian vector fields on M , since each locally Hamiltonian vector field is Hamiltonian.
Fix a point x ∈ M . Consider Darboux coordinates x i , y i for i = 1, . . . , n near x such that x i (x) = y i (x) = 0 for all i. In this coordinates we have ω = i dx i ∧dy i = d( i x i dy i ). Choose a 1-form ω 1 such that dω 1 = ω. Then we have ω 1 − i x i dy i = df , where f is a smooth function in a neighborhood of x. Consider a smooth extensionf of the restriction of f to a smaller neighbourhood of x. We can choose ω 1 − df instead of ω 1 and for this choice ω 1 = i x i dy i near x. Choosing ω 2 as above by (16) we get that the value of γ(X, Y )(x) is uniquely defined by values of vector fields X and Y near x.
For a smooth function f on M denote by X f the corresponding Hamiltonian vector field on M . We may assume that f (x) = 0. By definition in the above coordinate neighbourhood of x we have
We calculate γ(g, ω)(x) using the above choice of ω 1 and ω 2 . By definition, for a vector field X ∈ g near x we have
Then using the above choice of ω 2 , near x we have ω 2 (X f ) = i x i ∂f ∂xi − f . Direct calculation in Darboux coordinates shows that near x we have (d ′ ω 2 )(X f , X g ) = 0 and then for the above choice of ω 1 and ω 2 we have γ = 0. This implies that the cohomology class of the 2-form ϕ *
x ω considered in section 4 on the Lie algebra g of a Lie group G preserving the form ω is trivial.
Theorem 8.1. Let (M, ω M ) be a connected symplectic manifold with H 1 (M, R) = 0 and let G be a connected Lie group of symplectomorphisms of M . If the cocycle C(G, ω) is not trivial, the first de Rham group H 1 dR (G, R) is not trivial as well. Then for the product R 2 × M of symplectic manifolds (R 2 , ω 0 ) and (M, ω M ) and a Lie group G in the sense 3.1 of symplectomorphisms containing the group PGL(2, R) acting on R 2 we have H 1 dR (G, R) = 0. Proof. Consider the restriction of the above cocycle γ to the Lie algebra g of G. By (17) for all X, Y ∈ g we have γ(X, Y )(x) = ω(X, Y )(x) + (d ′ c)(X, Y ) = 0, where the 1-cochain c ∈ Λ 1 (g, R) is defined by the formula c(X f ) = (ω 1 (X)− ω 2 (X))(x) = −ω 2 (X)(x) = 0. Consider the left invariant 1-form ψ on G such that its values on the tangent space at 1 ∈ G are equal c(X). If the cocycle C(G, ω) is not trivial, by corollary 4.3 the 1-form ϕ *
x ω 1 − ψ is closed but not exact. Then H 1 (G, R) = 0. The last statement follows from theorem 7.3.
